SMOOTH HOMOLOGY SPHERES AND THEIR FUNDAMENTAL GROUPS
For n =4, it follows from the proof below that every finitely presented group 7T with an equal number of generators and relators and satisfying H17T=O is the fundamental group of some homology 4-sphere. It seems unlikely that these conditions should characterize the fundamental groups of homology 4-spheres, but I do not know of a counterexample. Kn admits a smoothness structure in the neighborhood of its 7-skeleton. We need a smoothness structure in a neighborhood N of the 2-skeleton of Kn. Then N is parallelizable and we can apply the above surgery arguments requiring the imbeddings to have their images in the smooth subset. We obtain a manifold WTn + 1 such that b W= En + Mn, where En is a combinatorial homotopy n-sphere and the inclusion E c W is a homotopy equivalence. Since n > 5, En is PL-homeomorphic to bAn +1, and pasting Ain+1 to Wn+1 by such a homeomorphism provides a contractible manifold Vn+1 with boundary Mn.
Thus, as a by-product, we have proved the probably well-known fact that every combinatorial homology sphere admits a smoothness structure.
